We prove that any collection which tiles the positive integers must contain one of two types of sub-collections. We then use this result to prove a variation of the Ratio Test for convergence of series. This version of the Ratio Test shows the convergence of certain series for which the Root Test (which is known to be more powerful than the conventional Ratio Test) fails. This version of the Ratio Test is also used to prove a version of the Banach Contraction Principle for self-maps of a complete metric space.
Introduction
It is shown in [1] that tiling results can be used in some fixed-point theorems to circumvent tedious and computational analytic arguments. We show in this paper that tiling results can also be used to improve the Ratio Test for convergence of series. The classical Ratio Test is known to be dominated by the Root Test; if the Ratio Test demonstrates that a series converges, the Root Test would also yield this result. The improved Ratio Test presented in this paper can be used to demonstrate the convergence of some series for which the Root Test will not yield conclusive results.
A Simple Tiling Result
On the real line, let , and let j k    , t j k denote the tile extending from 1 2 j  to 1 2 k  ; that is, the closed interval   1 2, 1 j k   2 . Since we are only concerned with integers in this paper, notice that this tile covers all the integers from j through k inclusive. Lemma 2.1 Let T be a collection of distinct tiles of the above form such that every positive integer is covered by at least one tile in T. , and each positive integer belongs to either one or two tiles in . 
This inequality also holds if n = 1, for then
If 1 < j < k, we say that the tile t [j, k] belongs to the
The hypothesis enables us to apply the Lemma, and we can conclude that either 1) N such that sup {k:
2) there is a sub-collection of T of the type described in the Lemma. * T If (1) holds, we can assume WLOG that N = 2, and so  an increasing sequence of integers with and We can therefore assume from the Lemma that we have a sub-collection of T consisting of tiles t[p n , q n ] such that each integer belongs to either one or two tiles in , and such that p n < p n+1 and q n < q n+1 for each integer n, so if an integer belongs to two tiles in , they are consecutive tiles.
. We can subdivide the
right-hand side summation over the tiles t[p n , q n ] into three parts: tiles of length 1, tiles of length longer than 1 which do not overlap other tiles in , and tiles of length longer than 1 which overlap other tiles in .
* T * T The summation over tiles of length 1(q n = p n ): if there are only a finite number of such tiles, the sum of these terms is clearly finite. If there are infinitely many such terms, since the sequence {a n : n = 1,2, ···} is decreasing, the summation over all such terms is dominated by the geometric series whose first term is a 1 and whose ratio is
M.
Once the tiles of length 1 have been eliminated, we can renumber the remaining tiles as {t[p n , q n ]: n = 1,2, ···} with p n < p n+1 and q n < q n+1 . We look at two types of blocks consisting of consecutive tiles
In the first type of block, consecutive tiles do not overlap; in the second, consecutive tiles overlap. The remaining tiles can be divided into alternating blocks of these two types simply by continuing to examine successive tiles to see whether they overlap or not.
There are two cases: either there are infinitely many blocks of each of the two types, or there are only finitely many blocks of each of the two types; this last case occurs when all but finitely many tiles belong to a single block. We examine the first case, and then discuss how the analysis presented therein also handles the second case.
If
The inequality p j < q j is strict because the tiles of length 1 were treated in the discussion above, and the inequality q j < p j+1 is strict because consecutive tiles do not overlap. Then
This sum dominates the contribution from a typical block of consecutive non-overlapping tiles. Since p k < q k < p k+1 < q k+1 < ··· < p n < q n , the terms in the above sum decrease within a particular block, and since there is a gap between this block and the next block of consecutive non-overlapping tiles, the last term from the above sum is greater than the first term in the corresponding sum from the next block. Adding up the dominating sums from all such blocks and using the Alternating Series Test results in a convergent series.
Finally, assume that consecutive tiles
overlap, q j is common to both tiles, so p j < p j+1 < q j . No integer belongs to three tiles, so q j does not belong to t[p j+2 , q j+2 ], and so q j < p j+2 . Therefore p k < p k+1 < q k < p k+2 < q k+1 < ··· < q n-2 < p n < q n-1 < q n . We use the same initial estimate as in the previous case, but permute the final dominating sum slightly.
The sum in brackets consists of two components: the If all but finitely many of the tiles belong to a single block, the dominating sum is a sum over infinitely many tiles. The identical analysis (with upper limit of  instead of n) shows that the dominating sum is an alternating series which converges by the Alternating Series Test.
The classical Ratio Test requires that the ratio of successive terms be dominated by a constant <1. In the Ratio Test presented in Theorem 1, the information is not necessarily obtainable about individual terms, but about blocks of consecutive terms. As a result, this ratio test might be useful in situations when the individual terms of the series are not known, but information about blocks of consecutive terms is available.
Necessity of the Contractivity Hypothesis
In the classical Ratio Test, it is not required that successive terms decrease, although that is a trivial consequence of the hypothesis that the ratio of successive terms be less than 1. The Root Test does not require that successive terms decrease, so one might wonder if this hypothesis is really needed in Theorem 1. The following example addresses this question. 
Therefore, . 
An Example for Which Theorem 3.1 Succeeds Where the Root Test Fails
It is well known that, although the Ratio Test is easier to apply than the Root Test, the Root Test is more discriminating (see [2] , Theorem 3.37). We now present a series for which the Ratio Test of Theorem 3.1 demonstrates convergence, but for which the Root Test is inconclusive. Example 5.1 The basis of our example is the following: suppose M  (0,1), a 1 and an integer n are given,
, and so a a 
Taking natural logarithms of both sides yields Let b 1 = 1, let a 1 = b 1 , and choose an integer N 1 such
Having defined
constructed, the sequence  satisfies the
hypotheses of the theorem, and so converges. 
Applications
Our first application is that the tiling result of Lemma 2.1 also applies to the Comparison Test for convergence of series.
Let be a convergent series of positive terms.
Let be a series of positive terms. We can therefore assume that, for each n,  only finitely many pairs (p, q) with and C [p, q] . Applying the Lemma, we can find a sequence of tiles Note that, for any n, The second application uses Theorem 3.1 to obtain a different version of the Banach Contraction Principle. As mentioned earlier, [1] shows the use of tiling arguments in fixed-point theorems; Theorem 6.2 represents another such application. There may well be similar applications to other fixed-point theorems than the one presented here, especially in light of the fact that convergent series are frequently used in demonstrating the existence of fixed points.
Theorem 6.2 Let (X, d) be a complete metric space, and assume that T is a self-map of X satisfying d(Tx, Ty) < d (x, y) . Suppose there is an M (0, 1) such that for each pair x, y   X, there is a positive integer n = n(x, y)
Then T has a unique fixed point. Proof: The proof of this corollary uses standard ideas, and will be abbreviated. Start with the pair (x, Tx), and use the hypothesis iteratively to obtain a convergent (by x). The convergence of this series implies that the sequence of iterates {T n x: n = 1, 2, ···} is Cauchy, and its limit can be shown by the usual methods to be a fixed point of T. Note that the contractivity hypothesis d(Tx, Ty) < d(x, y) is needed to satisfy the requirement that the terms of the series decrease.
To show that the fixed point is unique, suppose that x and y are two distinct fixed points. Let n be an integer . Since both x and y are fixed points, each summand on both sides is , and the inequality reduces to nd(x, y) < Mnd(x, y) < nd (x, y) . This is impossible unless x = y.
We conclude by presenting an example for which the standard Banach Contraction Principle is inapplicable, but for which Theorem 6.2 demonstrates the existence of a fixed point. Example 6.3 Let X be the closed interval   0,1 2 with the usual metric. Define . Then the hypotheses of Theorem 6.2 hold, but T is not a strict contraction in the sense of the Banach Contraction Principle. 
